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Chapter 10

(10) Inequalities
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Table 10-1: Notations for inequalities explained

2

Symbol Name What it does / shows Example

< Less than ▪ The left-hand side expression (or number) is less than the right-hand side expression (or number).

▪ We use                       to represent it on a number line. Notice the direction of the arrow and the hollow circle     or 
unfilled circular part. 

▪ 2 < 3

▪ 5𝑥 − 2 < 0

> Greater than ▪ The left-hand side expression (or number) is greater than the right-hand side expression.

▪ We use                           to represent it on a number line.

▪ 10 > 3

▪ 𝑏 − 1 >
1

4

≤ Less than or equal to ▪ The left-hand side expression (or number) is less than OR equal to the right-hand side expression (or number). 

▪ It is possible to think about this expression as a combination of < and =. Alternatively, it is like when we use 
‘inclusive’. For example, our holiday is from Monday to Saturday inclusive, which means Monday and Saturday are 
included in the holiday.

▪ We use                             to represent it on a number line. Notice the solid circle      or filled circular part. It stands for 
the = in the overall symbol.

▪ 𝑦 + 1 ≤ 𝑦2 − 4𝑦

≥ Greater than or equal to ▪ The left-hand side expression (or number) is greater than OR equal to the right-hand side expression (or number). 

▪ It is possible to think about this expression as a combination of > and =. 

▪ We use                                   to represent it on a number line. 

▪ 𝑎𝑏 − 𝑎 ≤ 𝑎2 + 4
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Table 10-2: Complementary inequalities illustrated

3

Inequality Members 

i)
𝑥 < −2 −5, −4, −3

𝑥 ≥ −2 −2, −1, 0, 1, 2, 3, 4, 5

ii)
𝑥 > −2 −1, 0, 1, 2, 3, 4, 5

𝑥 ≤ −2 −5, −4, −3, −2,
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Table 10-3: Rules of addition and subtraction illustrated

4

Inequality Addition Subtraction 

𝒂 > 𝒃 𝑎 + 𝑐 > 𝑏 + 𝑐

For example, if 13 > 5 then 13 + 4 > 5 + 4 is also true. 
That is 17 > 9. 

𝑎 − 𝑐 > 𝑏 − 𝑐

For example, if 13 > 5 then 13 − 4 > 5 −

4 is also true. That is 9 > 1.

𝒂 < 𝒃 𝑎 + 𝑐 < 𝑏 + 𝑐

For example, if 7 < 21 then 7 + 4 < 21 + 4 is also true. 
That is 11 < 25.

𝑎 − 𝑐 < 𝑏 − 𝑐

For example, if 7 < 21 then 7 − 4 < 21 −

4 is also true. That is 3 < 17.

𝒂 ≥ 𝒃 Given that 𝑎 ≥ 𝑏, it follows that 

𝑎 + 𝑐 ≥ 𝑏 + 𝑐

is also valid.

Given that 𝑎 ≥ 𝑏, it follows that 

𝑎 − 𝑐 ≥ 𝑏 − 𝑐

is also valid.

𝒂 ≤ 𝒃 Given that 𝑎 ≤ 𝑏, it follows that 

𝑎 + 𝑐 ≤ 𝑏 + 𝑐

is also valid.

Given that 𝑎 ≤ 𝑏, it follows that 

𝑎 − 𝑐 ≤ 𝑏 − 𝑐

is also valid.
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Table 10-4: Rules of multiplication and division illustrated for positive factor

5

Inequality Multiplication Division 

𝒂 < 𝒃 𝑎𝑐 < 𝑏𝑐

For example, if 1 < 2 then 1 × 3 < 2 × 3 is also 
true. That is 3 < 6. 

𝑎

𝑐
<

𝑏

𝑐

For example, if 4.2 < 6 then 4.2

3
<

6

3
 is also true. That is 1.4 < 2. 

𝒂 > 𝒃 𝑎𝑐 > 𝑏𝑐

For example, if 5 > 2 then 5 × 3 > 2 × 3 is also 
true. That is 15 > 6. 

𝑎

𝑐
>

𝑏

𝑐

For example, if 27 > 21 then 27

3
>

21

3
 is also true. That is 9 > 7. 

𝒂 + 𝒃 ≤ 𝟏 Given that 𝑎 + 𝑏 ≤ 1, it follows that 

𝑎 + 𝑏 𝑐 ≤ 𝑐

is also valid.

Given that 𝑎 + 𝑏 ≤ 1, it follows that 

𝑎 + 𝑏

𝑐
≤

1

𝑐

is also valid.

𝒂 + 𝒃 ≥ 𝒑 Given that 𝑎 + 𝑏 ≥ 𝑝, it follows that 

𝑎 + 𝑏 𝑐 ≥ 𝑝𝑐

is also valid for 𝑐 > 0.

Given that 𝑎 + 𝑏 ≥ 𝑝, it follows that 

𝑎 + 𝑏

𝑐
≥

𝑝

𝑐

is also valid for 𝑐 > 0.
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Table 10-5: Rules of multiplication and division illustrated for negative factor

6

Inequality Multiplication Division 

𝒂 > 𝒃 𝑎𝑐 < 𝑏𝑐

For example, if 7 > −4  then 7 × −2.5 < −4 ×

− 2.5 is also true. That is −17.5 < 10. 

𝑎

𝑐
<

𝑏

𝑐

For example, if 9 > 4 then 9

−2.5
<

4

−2.5
 is also true. That 

is −3.6 > −1.6. 

𝒂 < 𝒃 𝑎𝑐 > 𝑏𝑐

For example, if −4 < 1  then −4 × −2.5 > 1 ×

− 2.5 is also true. That is 10 > −2.5. 

𝑎

𝑐
<

𝑏

𝑐

For example, if 15 < 25 then 15

−2.5
>

25

−2.5
 is also true. 

That is −6 > −10. 

𝒂 − 𝒃 ≤ 𝟏 Given that 𝑎 − 𝑏 ≤ 1, it follows that 

𝑎 − 𝑏 𝑐 ≥ 𝑐

is also valid for 𝑐 < 0.

Given that 𝑎 − 𝑏 ≤ 1, it follows that 

𝑎 − 𝑏

𝑐
≥

1

𝑐

is also valid for 𝑐 < 0.

𝒂 − 𝒃 ≥ 𝒑 Given that 𝑎 − 𝑏 ≥ 𝑝, it follows that 

𝑎 − 𝑏 𝑐 ≤ 𝑝𝑐

is also valid for 𝑐 < 0.

Given that 𝑎 − 𝑏 ≥ 𝑝, it follows that 

𝑎 − 𝑏

𝑐
≤

𝑝

𝑐

is also valid for 𝑐 < 0.
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Table 10-6: Alternative method to reversing inequality sign when multiplying and dividing with a 
negative factor illustrated 

7

Using the rule Alternative method

Using the rule, we will divide both sides by −2 
and flip the direction of the inequality as:

−𝟐𝒙 < 𝟔

−
𝟐𝒙

−𝟐
>

𝟔

−𝟐
𝒙 > −𝟑

Alternatively, we can move −2𝑥 to the right 
and 6 to the left and divide by 2 as:

−6 < 2𝑥

−
6

2
<

2𝑥

2
−3 < 𝑥

http://www.dszak.com/


For more resources, kindly visit: www.dszak.com

Foundation Mathematics for Engineers and Scientists with Worked Examples, 1e
Shefiu Zakariyah, PhD, CEng, SMIEEE, MIET, AMIMA

Copyright ©2024 by Routledge
For more resources, kindly visit: www.dszak.com

Table 10-7: Rules of power illustrated

8

Inequality Positive power (for 𝒎 = 𝟐) Negative power (for 𝒎 = −𝟐)

𝒂 < 𝒃 𝑎𝑚 < 𝑏𝑚

For example, if 6 < 7 then 62 < 72 is also true. That is 36 <

49. 

𝑎𝑚 > 𝑏𝑚

For example, if 10 < 15 then 10−2 > 15−2 is also 

true. That is 1

102 >
1

152. 

𝒂 > 𝒃 𝑎𝑚 > 𝑏𝑚

For example, if 10 > 5 then 102 > 52 is also true. That is 
100 > 25. 

𝑎𝑚 > 𝑏𝑚

For example, if 8 > 3 then 8−2 < 3−2 is also true. 

That is 1

82 <
1

32. 

𝒂 + 𝒃 ≤ 𝒄 Given that 𝑎 + 𝑏 ≤ 𝑐, it follows that 

𝑎 + 𝑏 𝑚 ≤ 𝑐𝑚

is also valid.

Given that 𝑎 + 𝑏 ≤ 𝑐, it follows that 

𝑎 + 𝑏 −𝑚 ≥ 𝑐−𝑚

is also valid.

𝒂 + 𝒃 ≥ 𝒄 + 𝒅 Given that 𝑎 + 𝑏 ≥ 𝑐 + 𝑑, it follows that 

𝑎 + 𝑏 𝑚 ≥ 𝑐 + 𝑑 𝑚

is also valid.

Given that 𝑎 + 𝑏 ≥ 𝑐 + 𝑑, it follows that 

𝑎 + 𝑏 −𝑚 ≤ 𝑐 + 𝑑 −𝑚

is also valid.
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Table 10-8: Rules of inversion illustrated

9

Inequality Inversion 

𝒂 > 𝒃 𝑏 < 𝑎

𝒎 + 𝒏 < 𝟎 0 > 𝑚 + 𝑛

𝒔 + 𝒄 ≤ 𝒕 + 𝒅 𝑡 + 𝑑 ≥ 𝑠 + 𝑐

𝒖 ≥ 𝒗 𝑣 ≤ 𝑢
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Table 10-9: Rules of inversion illustrated

10

Inequality Solution Example 

𝒙𝟐 < 𝒂 − 𝑎 < 𝑥 < 𝑎 𝑥2 < 5 implies − 5 < 𝑥 < 5

𝒙𝟐 > 𝒂 𝑥 > 𝑎 and 𝑥 < − 𝑎 𝑥2 > 4 implies 𝑥 > 4 and 𝑥 < − 4

This can be further simplified to 

𝑥 > 2 and 𝑥 < −2

𝒙𝟐 ≤ 𝒃 − 𝑏 ≤ 𝑥 ≤ 𝑏 𝑥 − 3 2 ≤ 10 implies −10 ≤ 𝑥 − 3 ≤ 10

This can be further simplified to 

−10 ≤ 𝑥 − 3 ≤ 10

−7 ≤ 𝑥 ≤ 13

𝒙𝟐 ≥ 𝒃 𝑥 ≥ 𝑏 and 𝑥 ≤ − 𝑏 2𝑥 − 5 2 − 9 ≥ 0 this can be re-written as 

2𝑥 − 5 2 ≥ 9

This implies 

2𝑥 − 5 ≥ 9 and 2𝑥 − 5 ≤ − 9

This can be further simplified to 

2𝑥 − 5 ≥ 3 and 2𝑥 − 5 ≤ −3

𝑥 ≥ 4 and 𝑥 ≤ 1
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Table 10-10: Author’s method illustrated

11

Option Solution Condition Example 

1) 𝑥 < 𝛼 and 𝑥 > 𝛽 ▪ 𝑎 > 0 and 𝑦 > 0

▪ 𝑎 < 0 and 𝑦 < 0

▪ 𝑥2 − 2𝑥 − 3 > 0

▪ 5 − 3𝑥 − 2𝑥2 < 0

2) 𝛼 < 𝑥 < 𝛽 ▪ 𝑎 > 0 and 𝑦 < 0

▪ 𝑎 < 0 and 𝑦 > 0

▪ 𝑥2 − 2𝑥 − 3 < 0

▪ 5 − 3𝑥 − 2𝑥2 > 0
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Table 10-11: Solving quadratic inequalities using intervals illustrated – Part I 

12

𝒙 < 𝜶 𝜶 < 𝒙 < 𝜷 𝒙 > 𝜷

R1 𝒙 − 𝜶

R2 𝒙 − 𝜷

R3 𝒙 − 𝜶 ሺ

ሻ

𝒙

− 𝜷
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Table 10-12: Solving quadratic inequalities using intervals illustrated – Part II

13

𝒙 < 𝜶 𝜶 < 𝒙 < 𝜷 𝒙 > 𝜷

R1 𝒙 − 𝜶 − − +

R2 𝒙 − 𝜷 − + +

R3 𝒙 − 𝜶 𝒙 − 𝜷
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Table 10-13: Solving quadratic inequalities using intervals illustrated – Part III

14

𝒙 < 𝜶 𝜶 < 𝒙 < 𝜷 𝒙 > 𝜷

R1 𝒙 − 𝜶 − − +

R2 𝒙 − 𝜷 − + +

R3 𝒙 − 𝜶 𝒙 − 𝜷 + − +
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Table 10-14: Solution to Example 11(a) – Part I

15

𝒙 < −𝟑 −𝟑 < 𝒙 < 𝟓 𝒙 > 𝟓

𝒙 + 𝟑

𝒙 − 𝟓

𝒙 + 𝟑 𝒙 − 𝟓
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Table 10-15: Solution to Example 11(a) – Part II

16

𝒙 < −𝟑 −𝟑 < 𝒙 < 𝟓 𝒙 > 𝟓

𝒙 + 𝟑 − + +

𝒙 − 𝟓 − − +

𝒙 + 𝟑 𝒙 − 𝟓 + − +
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Table 10-16: Solution to Example 11(b) – Part I

17

𝒙 ≤
𝟏

𝟐

𝟏

𝟐
≤ 𝒙 ≤

𝟓

𝟑
𝒙 ≥

𝟓

𝟑

𝟐𝒙 − 𝟏

𝟑𝒙 − 𝟓

𝟐𝒙 − 𝟏 𝟑𝒙 − 𝟓
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Table 10-17: Solution to Example 11(b) – Part II

18

𝒙 ≤
𝟏

𝟐

𝟏

𝟐
≤ 𝒙 ≤

𝟓

𝟑
𝒙 ≥

𝟓

𝟑

𝟐𝒙 − 𝟏 − + +

𝟑𝒙 − 𝟓 − − +

𝟐𝒙 − 𝟏 𝟑𝒙 − 𝟓 + − +
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Table 10-18: Rules of inversion illustrated

19

Inequality Solution Example 

𝒙 < 𝒂 −𝑎 < 𝑥 < 𝑎 𝑥 < 3 implies −3 < 𝑥 < 3

𝒙 > 𝒂 𝑥 > 𝑎 and 𝑥 < −𝑎 𝑥 > 4 implies 𝑥 > 4 and 𝑥 < −4

𝒙 ≤ 𝒃 −𝑏 ≤ 𝑥 ≤ 𝑏 𝑥 ≤ 5 implies −5 ≤ 𝑥 ≤ 5

𝒙 ≥ 𝒃 𝑥 ≥ 𝑏 and 𝑥 ≤ −𝑏 𝑥 ≥ 6 implies 𝑥 ≥ 6 and 𝑥 ≤ −6
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